Let X denote a locally compact Hausdorff space, C(1(A') the space of all bounded continuous complex valued functions on X, and ß the strict topology for Cb(X). The separability of (Cb(X), ß) is characterized in terms of X, albeit in a more general context. This result provides a negative answer to a conjecture made by Todd, contains the classical separability theorems for continuous function spaces, and relates to the concepts of r-smooth and tight functionals.
Introduction. In 1958, R. C. Buck [1] introduced a locally convex topology on the space Cb(X) of bounded continuous functions on a locally compact Hausdorff space X which he called the strict topology, and established that the space of strictly continuous linear functionals on Cb(X) was precisely the space Mb(X) of bounded Radon measures on X.
Subsequently, A. C. M. van Rooij [11] and F. D. Semilles [13] have enhanced the role of the strict topology by introducing extensions to the completely regular case which give rise to the dual spaces Jtt(X) and T(X) of tight and r-smooth linear functionals, respectively. The spaces Jtt(X) and JtT(X), each endowed with the weak topology from its pairing with Cb(X) where X now denotes a completely regular Hausdorff space, have already been the subject of intensive study (e.g., see [9] , [17] ), and the relationship between the metrizability of certain subsets of these spaces and the metrizability of X (see Varadarajan [17] ) leads naturally to a consideration of separability in the aforementioned extensions of the strict topology. The purpose of our note is to begin such a study.
Preliminaries.
In what follows, X will denote a completely regular Hausdorff space, while all functions will be complex valued unless it is explicitly stated otherwise. We shall let C(A') denote the space of all continuous functions on X, let BiX) denote the space of all bounded functions on X, and let B0iX) denote the subalgebra of BiX) consisting of those elements in BiX) which vanish at infinity. Further, let Cb(X)= CiX) r\BiX) and C0iX)=CiX) r\B0(X).
Forfe BiX), ||/||=sup{|/(x)|:x e X] defines a norm on BiX)inducing the uniform (convergence) topology, and if <f> is a function on A'for which {fcj>:feChiX)}çBiX), then p^,if)=\\f<t>\\ defines a seminorm on CbiX).
Assuming X to be locally compact, Buck [1] defined the strict topology on CbiX) to be that locally convex topology generated by the set of seminorms {p^.(f> e C0iX)}. Now C0iX) can be trivial when X is not locally compact, but it is still possible to obtain useful generalizations of the strict topology in the completely regular case.
One such generalization is provided by the locally convex Hausdorff topology on ChiX) generated by the set of seminorms {p^:^ e B0iX)}. This topology, agreeing with the strict topology in the locally compact case, was introduced by van Rooij [11] , and has since been considered under various equivalent formulations by the author [15], Sentilles [13] , and Giles [4] . Following Sentilles, we will refer to this topology as the' substrict topology and denote it by ß0.
The second generalization of the strict topology we will consider was introduced by Sentilles [13] . To define this topology, first observe that if ßX is the Stone-Cech compactification of X and if Q is a compact subset of ßX\X, then XQ=ßX\Q is locally compact and CbiXQ) can be given the strict topology ßQ generated by the set of seminorms {p$ : <f> e C0iXQ)}.
Using the restriction mappings from CbiXQ) onto CbiX), the inductive limit topology on CbiX) induced by the topologies ßQ taken over the collection .â of all compact subsets Q of ßX\X [10, p. 79] is easily seen to agree with Buck's original strict topology in the locally compact case. Again following Sentilles, we will call this topology the strict topology and denote it by ß.
Finally, we will need the following topological concepts in the sequel. A topological space Y is called submetrizable if it can be mapped by a one-to-one continuous function onto some metric space Z. If, in addition, we can choose Z to be separable, then we will say that Y is separably submetrizable. Proof.
Separability in
For necessity, a standard argument prevails; namely, if {fn}n=i is ß0 dense in Cb(X), then the evaluation map coni defined by eW=(/nW)ti is a one-to-one continuous function from X into a separable metric space. Conversely, if X is separably submetrizable, then there exists a metric space F with a countable dense subset {y"}n=i and a one-to-one continuous function h mapping X onto Y. Moreover, we can assume that the topology on Y is determined by a bounded metric d, and so the functions {/"}"=0 defined for each xeX by/"(*)= 1 and/"(.*)= d(h(x),y"), n=l, 2, ■ ■ ■ , all belong to Cb(X). Now let A be the smallest subalgebra of Cb(X) which contains {fn}ñ=o-In order to show that A is ß0 dense in C,,(X) from whence the desired conclusion will follow, we first note that (Ch(X), ß0) is a weighted space [15, p. 92], and A is a priori a linear subspace of Cb(X) which is an A-module. Consequently, we have an instance of the bounded case of the weighted approximation problem (see [15, p. 91]) which is also an instance of the separating case (see [15, p. 9.6]) since the real functions {/n}™=1 clearly separate the points of X. Furthermore, f0(x)^0 for each xeX, and hence our Stone-Weierstrass type theorem for weighted spaces [15, p, 97] implies A is p\ dense in Cb(X).
It is interesting to note that the separability of (Cb(X), ß0) is equivalent to the separability of C(X) endowed with the compact-open topology k.
Corollary (Warner [18, p. 270]). (C(X). k) is separable if and
only if X is separably submetrizable.
Proof.
It is immediate from Theorem 2.1 that (C(X), k) is separable whenever X is separably submetrizable, while replacing the /?" dense sequence by a « dense sequence in the necessity argument used above yields the converse.
A proof of If X is locally compact, then (Co(A'), ||-||) is separable if and only if X is a a-compact metric space.
If A' is a a-compact metric space, then its one-point compactification X* is metrizable. Therefore iCbiX*), ||-||) is separable by Theorem 2.3, and the separability of (C0(A'), ||-||) is now immediate. For the converse, if iC0iX), IHI) is separable, then there is a countable set {</>n}£Li contained in C0iX) which is ß0 dense in CbiX), whence X is cr-compact [2, p. 368]. Since X is submetrizable by Theorem 2.1, A" is also locally metrizable, and so the metrizability of A" follows from Smirnov's metrization theorem (e.g., [6, p. 81 
]).
Using Smirnov's theorem to better advantage, the above proof actually establishes the following result.
2.5. Theorem. Assume X is both locally compact and paracompact.
If iCbiX), ß) is separable, then X is metrizable.
Corollary (Todd [16, p. 655]). If X is both locally compact and a-compact, then iCbiX), ß) is separable if and only if X is metrizable.
Proof.
The necessity follows from Theorem 2.5, while the sufficiency follows from Theorem 2.1. Not only does Theorem 2.1 essentially contain the known results, it also provides a negative answer to the previously mentioned conjecture made by Todd. This can easily be seen by considering the real line R with the discrete topology. Unfortunately, it is not even true in the locally compact case that the separability of (C6(A), ß0) implies the metrizability of A. Indeed, Dieudonné [3] has given an example of a locally compact and separably submetrizable space which fails to be normal, and so it seems unlikely that the paracompactness hypothesis in Theorem 2.5 can be significantly weakened. Separably submetrizable spaces are not entirely devoid of nice properties nor unconnected with metrizable spaces, however, as we show in the next section. Of course, the cardinality of a separably submetrizable space is not greater than that of the continuum, but the converse is false as the preceding remarks plainly show when applied to the set of ordinals less than the first uncountable ordinal with the usual order topology. With some restrictions, however, this condition does become sufficient, and we have the following substantial improvement of Warner's result [18, p. 270] for discrete spaces. The cardinality of a set Y will be denoted by card (Y).
Theorem. If X is metrizable, then (Cb(X), ß0) is separable if and only ifcard(X)=csLvd(R).
In view of Theorem 2.1 and our previous remarks, it will suffice to establish that if card(Z)^card(Ä), then there exists a countable subset of C(X) which distinguishes the points of X. To do this, let us first choose a one-to-one function/mapping Xinto R. Now the topology for X has a cr-discrete base [7, p. 127] , and so for each natural number n there, is an index set An and a discrete collection âân = {Bnx:<x. e Ari} of nonvoid open subsets of A'with ¿$= USLi @ §n being a base for the topology. For each n and for each a e An, choose xna e£M. Further, since every closed set in X is a zero set, for each n and each a e An there exists a <pnxeCt-(X) such that fal(0)=X\Bna.
It is now easy to see that the functions fn = 2 ^n«.
n=l, 2, • • • , all belong to C(X). To show that this countable set distinguishes points of X, we take x,y e X with xj^y, and note that there is a natural number n and an xeA" such that x e Bnx and y e X\Bnx. If fn(x)=fn(y), then there exists a ßeAn such that y e Bvß and (pnx(x) = faß(y). Since a.^ß, however, f(xj<pna(x)^f(x"ß)<p"ß(y) wherebygn(x)ĝ n(y), and the proof is complete.
Corollary.
If Y is any topological space, then Y is separably submetrizable if and only if Y is submetrizable and card( T)^card(Ä).
4. Implications for the strict topology and other observations. The question of separability in Buck's original strict topology is now essentially settled, but this is not the case for the generalized strict topology ß introduced by Sentilles. For one thing, there is no Stone-Weierstrass type theorem for (Cb(X), ß) at the present time (except when ß=ß0), and so an approach similar to the one used for ß0 is not currently available. Nonetheless some progress, though modest, can be made on the problem.
Since ß is always at least as fine as ß0 [13] , it follows from Theorem 2.1 that A^must be separably submetrizable whenever (C,,(A), ß) is separable, but we do not know if the converse is also true. Furthermore, the theorem below shows that no new information can be obtained by applying our results for ß0 in the most obvious way. Each of the spaces Jt\(X) and J/T(X) may be endowed with the weak star topology from their pairing with Cb(X), and any reference to these spaces of a topological nature will henceforth refer to this topology. The following theorem is in analogy with Varadarajan's results on metrizability [17, pp. 188, 192 ]. 4 .3. Theorem. J/t(X) ¿* separably submetrizable if and only if X is separably submetrizable, and either of these conditions is equivalent to the separability of (Cb(X), ß0).
Proof. It readily follows from [17, p. 187 ] that A" is separably submetrizable whenever Jt\(X) has this property. In view of Theorem 2.1, it will suffice to show that if {fk}k=i is /?" dense in Cb(X), then Jtt(X) is separably submetrizable. To do this, let N denote the natural numbers with the discrete topology and define a mapping T from Jt't(X) into the separable metric space (C(N), k) by Tp(k)=(fk, p), p e Jtt(X), k e N.
Since Jis clearly one-to-one and continuous, the proof is complete.
A straightforward modification of the above proof shows that if (Cb(X), ß) is separable, then Jtr(X) is separably submetrizable (whereby X is separably submetrizable), but even here we do not know if the converse is valid.
There has been some progress on the problem of determining when the space (Cb(X), ß) is fully complete (e.g., see [14] ), but even in the locally compact case there is still only little known. Indeed, the problem is not even resolved when X=R, and this leads to our concluding observation. A well known theorem due to Dieudonné ([17, p. 198 ], for example) implies (Cb(X), ß) is sequentially barrelled; i.e., every sequence in Jtt(X) which converges to zero is equicontinuous. Since (Cb(X), ß) is separable by Theorem 3.2, the conclusion is immediate from [19, p. 357].
